A novel method for the 3D reconstruction of a microstructure from limited statistical information provided by 2D cross sections is developed. In the proposed approach, first full-set statistical information (two-point correlation functions) are extracted from 2D cross sections, and then an approximate 3D microstructure is realized based on them. The proposed method relies mainly on conditional probability theorem to establish explicit functional forms between two-point correlation functions extracted from 2D cross sections and full-set 3D statistics. For 3D realization, a novel phase-recovery algorithm is developed that captures prominent attributions of the microstructure. The salient feature of the proposed realization scheme is the ability to fully reconstruct 3D microstructures from statistical information provided by just one cross section for isotropic microstructures and two perpendicular cross sections for anisotropic ones. A number of illustrative examples are provided to demonstrate the accuracy and the versatility of the proposed scheme. The application of the method for the 3D realization of microstructure using an experimental dataset is demonstrated. Finally, the accuracy of the method in capturing and retaining essential features including volume fractions and characteristic attributions as well as the state of anisotropy and percolation of the phases is discussed.
Introduction
Key performance characteristics of the heterogeneous materials is often directly related to their microstructure. A comprehensive understanding about the link between the properties and the microstructural features of these materials may require a full 3D picture of the microstructure (e.g. to estimate transmission properties). However, usually for applications in material science, petroleum engineering, biology and medicine, only 2D image(s) are available. Different reconstruction techniques are developed to realize 3D microstructures from the 2D images based on the material system of interest and available imaging modalities. For applications in materials science, a subsequent analysis step often follows the 3D reconstruction step to obtain desired macroscopic properties (e.g., mechanical, transport, and electromagnetic properties) [1] [2] [3] [4] .
Many studies show that some of the effective properties of a random heterogeneous material are strongly correlated with a particular formalism called N-point statistics [5, 6] . N-point correlation functions can be exploited directly to characterize effective mechanical, thermal, electrical and permeability properties of a wide range of heterogeneous material systems [1, 5, 7] . Through these functions, characteristic statistics of a microstructure are translated into a set of distributions that systematically provide more information about the microstructure with increasing their order. In other word, every microstructure can be uniquely reconstructed from infinite-order correlation functions [8] [9] [10] .
Traditionally, statistical information extracted from experimental measurements and morphological assessments are used to quantify microstructural attributions [11] . Direct reconstruction of heterogeneous microstructures practiced by stitching digitized serial section images acquired by FIB-SEM, X-ray computed tomography (microCT), scanning laser confocal microscopy and other imaging modalities are not well-suited to routine engineering applications due to expensive technology, lack of skilled operators and many other technical issues involved [12, 13] microstructural reconstruction from limited statistical information have been raised lately in different disciplines related to the materials research as successful reconstruction procedures can provide nondestructive and low-cost means of estimating the macroscopic properties of a heterogeneous materials with complex internal microstructure.
3D microstructural reconstruction from limited microstructural information obtained from 2D cross sections is a classic inverse problem with many engineering applications in efficient design of material, statistical analysis and visualization. Historically Gaussian filtering methods are extensively used for this purpose [14, 15] . These methods usually rely on two-point probability functions and apply linear/nonlinear filters on Gaussian random fields to match the correlation function in during reconstruction step. Lanzini et al. [16] used truncated-Gaussian method for 3D reconstruction from 2D phase images. Aside from their considerable computational cost, this method and similar ones are only applicable for two-phase isotropic media.
Using a suitable descriptor of initial 2D slices, optimizationbased approaches are also developed for the 3D reconstruction purposes [17, 18] . Yeong and Torquato developed a stochastic optimization technique to generate microstructure from a specified set of statistical two-point correlation functions [17] . In their study, a two-dimensional slice of the microstructure is utilized to obtain morphological information and perform full 3D realization. Similarly, Bochenek and Pyrz used simulated annealing procedure to reconstruct spatial dispersions of inclusions in a media guided by observation from 2D images. In their approach, they used field quantities like interface stresses as additional constraints in the optimization procedure to achieve a better realization [18] . Sundararaghavan and Zabaras utilized a pattern recognition technique to reconstruct microstructures [19] . In this method, support vector machines are implemented to generate a class of microstructures with close statistical characteristics to the real microstructure and to develop a reconstruction procedure based on a hierarchical classification scheme.
More recent studies include a novel Monte Carlo methodology to reconstruct 3D microstructures of multi-phase heterogeneous materials from a 2D SEM micrograph developed by Baniassadi et al. [20] . In order to perform reconstruction from a single digitized cross section image, they developed a hybrid stochastic technique for realizing microstructure from two-point correlation functions that employs colony and kinetic growth algorithms for the realization step and provides a coupled realizationoptimization methodology.
In the current study, a novel computational framework is developed for the 3D reconstruction of microstructure from 2D cross sections of statistically homogenous isotropic and anisotropic microstructures. An explicit formulation is developed to approximate two-point correlation functions of a 3D microstructure. In this method, 3D two-point correlation functions are first approximated from statistical information for a given set of orthogonal planes. To deal with issues arising from ill-posed nature of the problem, we resort to conditional probability theorem to provide enough constraints needed to achieve an optimum closed-form approximation. The approximate formulation is the extension of the recent work by Baniassadi and co-workers were N-point correlation functions of heterogeneous materials are investigated [21, 22] . In the next step, microstructure reconstruction is performed by employing a novel phase recovery algorithm which takes as input approximate two-point correlation functions developed in the initial step. It should be mentioned that phase recovery algorithms has been deployed for many other applications including signal processing [23] . Initially proposed by Fullwood and coworkers [7, 24, 25] , these algorithms are used for the reconstruction of a microstructure from its two-point correlation functions. Contrasting to more traditional methods based on simulated annealing, phase recovery algorithms can be utilized to reconstruct 3D multiphase microstructures from large databases, which hinders standard computational approaches [24] . Current study summarizes with a series of experimental and numerical case studies to illustrate the computational efficiency and capabilities of the proposed approach.
2. Two-point probability functions
Basic concepts
Statistical correlation functions can be utilized for mathematical description of the morphology of microstructure. For any nphase random heterogeneous medium, the characteristic function for one of the phases (say phase i) is defined as 
where x represents the position vector of a point in the heterogeneous microstructure. If we consider N points within the microstructure randomly positioned at x 1 , x 2 , . . ., x N , the probability of the event in which all these point belong to the phases i = 1 . . . n is defined as N-point correlation function (Fig. 1 ). The N-point correlation functions are then defined by
i; j; . . . ; n 2 set of phases; ð2Þ where h. . .i is the ensemble average. For different value of N, N-point correlation functions cover different level of information about the microstructure they represent. For instance, one-point correlation functions capture only the volume fraction of each phase for multiphase materials or the orientation distribution function (ODF) for polycrystalline materials [1] . The constraint on the one-point correlations can be expressed as
Similarly, two-point correlation functions describe the joint probability distribution of finding starting and ending points of a predefined vector within specific states. This collective information are conveyed through two-point correlation functions, measured by all possible vectors relevant to the microstructure. In general, for a d-dimensional isotropic media, two-point correlation functions can be extracted from an m-dimensional subspace (m = 1, 2 . . . d À 1). For example, two-point correlation functions of a 3d isotropic microstructure can be extracted from a 2d or 1d cross sec- tion of it [26] . The two-point correlations of eigen microstructures can be calculated using the square of the amplitude of the Fast Fourier Transform (FFT) of the characteristic function. Higherorder correlation functions can be computed also using higherorder spectra [7] . Generally, an eigen microstructure is defined such that in each grid point there is only one local state. All noneigen microstructures are considered as eigen microstructures when the grid is sufficiently fine [24] .
Let us denote the head and tail points of vector (r) by x 1 and x 2 , and define C ij 2 ðx
Using Eq. (4), for N-point correlation functions we get
Due to normality conditions the following constraints are satisfied [27] :
where v i is volume fraction of phase i. In addition, the following well-known limits exist for the values of the two-point correlation functions asr approaches zero and infinity [27] :
Using conditional probability, correlation functions can be defined based on other probability functions as follows:
Approximation
In the present study, 2-point correlation functions of 3D microstructures are needed to be approximated for all grid points (vectors) of eigen microstructure from two-point correlation of 2D images. For simplicity, two phase microstructures are utilized to extract TPCFs and implementing 3D-reconstruction approach, however, the proposed method can be extended to multiphase microstructure.
To calculate two-point correlation function of a supposed statistical vectorr, it is decomposed into two perpendicular vectorsr XY andr Z as shown in Fig. 2 .
We consider x 1 as the starting point of vectorr andr XY , x 3 as the end point of the vectorr andr Z , and x 2 as the end point of vectorr XY and starting point ofr Z . The TPCF for the vectorr with its head and tail residing in i-phase and k-phase, respectively, can be calculated using the sum of the probability of two mutually exclusive events as follows [28] ,
Based on Eq. (13), in order to calculate TPCF, we should calculate 3-point correlation functions. Recently, Baniassadi et al. proposed a method to formulate a theoretical approximation for the full set of N-point correlation function based on subsets of (N À 1)-point correlation function, a set of weight functions, conditional probability (Eqs. (11) and (12)), and boundary conditions (Eqs. (8) and (9)) [21, 22] . In this approximation, weight functions are used to connect subsets of (N À 1)-point correlation functions for estimating the full set of N-point correlation function (Eq. (14)).
Considering a composite with two phases u 1 and u 2 the proposed approximation states:
where W 1 ; W 2 and W 3 are the dependency weight functions. In the proposed approximation, a unique solution does not exist for the weight functions. Therefore, any chosen set of the weight functions that satisfy the necessary boundary limit conditions is useful for this approximation. For example, for the approximation of three-point correlation functions, the weight functions can be expressed as:
where p, q and r are equal to 1, 2 or 3 and a, b and c are non-zero positive real numbers [22] . Optimum values of parameters a; b and c can be calculated using an optimization scheme. Properties of weight functions have been discussed in detail in the referenced articles [21, 22] . One of these properties that is used in developing of approximation is:
Using Eqs. (6)- (8), (14) and (15) it is possible to estimate (13) and (16), the weight functions are eliminated, and we finally obtain Due to the elimination of the weight functions, the obtained solution will be unique, and there is no concern about optimization of weight functions (Baniassadi et al. [22] proposed optimization of a, b and c for better approximation).
For n-phase microstructure, the solution can be generalized as follows;
For example for a 2-phase heterogeneous material, using Eq.
(17), C 
Microstructure reconstruction
Reconstruction process is the realization of a microstructure from its specific statistical information. In this research, microstructure reconstruction has been performed using approximate two-point correlation functions of a 3D microstructure. Several numerical methods have been proposed to reconstruct microstructure using statistical information [1, 19, [29] [30] [31] . In most of reconstruction techniques, an optimization approach is usually employed to minimize statistical error between a proposed trial microstructure and a target microstructure; therefore, these methods are best described as optimization problems. Generally, gradient-based schemes can be used to find a solution to such optimization problems, and these methods converge faster than other techniques in cases they are applicable [29] . One of the pitfalls of gradient-based approaches is their poor performance in finding global optima in problems with several local optima [29] . Simulated annealing is a capable optimization reconstruction technique that is highly useful for problems with many local optima. This technique is commonly used in the optimization of statistical functions [1] . Despite these appealing properties mentioned above, it should be noted that the simulated annealing or gradient methods are computationally demanding approaches, and therefore they are not feasible techniques for the reconstruction purposes with current state computing power, especially for the multiphase microstructures [24] . In this research, phase-recovery algorithms are exploited to reconstruct microstructure following Fullwood et al. [24] . Phase recovery algorithms are also mostly used for signal processing application, however we show that these algorithms can be useful for reconstruction purposes using limited statistical information as well. Compared to mentioned methods, phase recovery method has lower computational cost for multi-phase microstructures. This advantage and other properties such as consistency with spectral representation methods have motivated us to use it for microstructural reconstruction. We target eigen microstructures for which a 3D regular grid is used to digitize and represent them and each grid point is only occupied by one phase.
This dataset or microstructure state is denoted here by m n s , where the superscript n enumerates the phase number and the subscript s enumerates number of each grid which is defined the microstructure. Microstructure state, m n s , is the existence probability for phase n in the position s; therefore, it is zero or one for eigen microstructures. This condition is mathematically described by
where N denotes the number of phases in the microstructure, and S is the total number of grid points of the microstructure. It is noted this definition for microstructure function, m n s , is identical with characteristic function defined in Eq. (1). Therefore one-point correlation functions can be defined simply by
Similarly, discretized two-point correlation functions are defined using 
where the superscripts n and n 0 denote the phases of interest and the subscript r enumerates discretized correlation vectors which can be used to describe the statistics of microstructure. Using fast Fourier transform (FFT) for the microstructure function, we get
where jM n k j is the amplitude, and h n k is the phase of the Fourier transform. By applying convolution theorem to the FFT of Eq. (22), and by assuming periodicity of the structure, we obtain
It is important to note that the FFT of any autocorrelation (n ¼ n 0 ) is the square of the amplitude of the FFT of the respective microstructure function without phase information defined by
where e M n k is the complex conjugate of M n k . Eqs. (23) and (25) can be employed for the reconstruction procedure, and generally approaches based on these relationships are known as phaserecovery algorithms. In the current study, two-point correlation functions for the 3D microstructure are first approximated using Eq. (19), then we utilize phase-recovery reconstruction algorithms to acquire m n s for reconstruction of the microstructure. Phase recovery algorithm that is used for reconstruction, follows the Gerchberg-Saxton algorithm [23] , and has four steps: (1) an initial random microstructure is guessed and the FFT of the microstructure function, m n s ; is calculated using Eq. (23); (2) only the modulus of the guess is replaced with the square root of the approximated autocorrelation multiplied by S (Eq. (25) and the phases remain unchanged; (3) inverse Fourier transform is calculated (using inverse of Eq. (23)); and finally (4) the constraints in real space (Eq. (20)) are imposed. The generated realization acquired through described phase-recovery algorithm is then used in the step 1 as initial microstructure, and the iterations continue till satisfaction of a specific criteria. In the current approach, a desirable error between the two-point correlation functions of initial and target microstructure is adopted as stopping criteria.
When phase, h n k ; for state n is recovered, using Eq. (24), it is possible to obtain h n 0 k for other state n 0 . Therefore using inverse Fourier transform of Eq. (23), m n 0 s is obtained. Presented phase recovery algorithm can be more efficient compared to simulated annealing methods, used frequently in reconstruction process [1, 30, 31] . Using same platform with the convergence tolerance e ¼ 10 À8 , for a 200 Â 200 cell structure, simulated annealing takes 2400 s to converge while the phase recovery method only takes 15 s (Fig. 9) . In this case, the selected microstructure is isotropic and only the magnitude of the TPCFs is utilized. For anisotropic and multiphase microstructures simulated annealing performs even worst. Another drawback for the simulated annealing is its sensitivity to the selected values for parameters such as initial temperature and temperature decreasing strategy [32] . Finally, phase recovery algorithm accurately reconstructs TPCFs for the full vector space much faster than simulated annealing-based reconstruction.
Results and discussion

2D approximation
First, we present a simple hypothetical 2-D microstructure to illustrate the procedure of approximation. In this case, we approximated TPCFs of all grid points using only TPCFs of X and Y directions. Fig. 3a depicts a two-phase microstructure, where one of the phases is colored black and the other is white. This image was taken from Jiao work [30] . He has generated this image by the lattice-point algorithm and a damped-oscillating correlation function. The microstructure information was stored on a regular 200 Â 200 square grid. The volume fraction of the white phase in this microstructure was v 1 ¼ 0:34. The complete set of 2-point statistics of white phase were calculated using Eq. (25) and 2-point statistics in X and Y directions were extracted. Then the complete set of 2-point statistics of all grid points for white phase were approximated using Eqs. (6)- (8), and (19) and correlation functions of only x and y directions.
Using approximated TPCFs and phase-recovery algorithms, reconstruction of microstructure was done (Fig. 3b and c) . Comparison of results reveals that reconstructed microstructure using approximate TPCFs has retained its original features such as geometric connectivity and percolation of phases. It should be noted that the reconstructed microstructure is only used 400 arrays of total 40,000 arrays of reconstruction matrix (about 1%).
Isotropic materials
In this case, we generated three-dimensional statistically homogeneous and isotropic media using statistical information of the two-dimensional section described in Section 4.1 (Fig. 3a) . This section was a 200 Â 200 structure with black and white phases, and we generated a 3-D 200 Â 200 Â 200 (8 million cells) structure using proposed approximation and reconstruction method.
Because the structure was statistically homogeneous, we used identical TPCFs for both xy and yz-plane (Fig. 2) . Using Eqs. (19) and (25), we calculated full set of autocorrelation functions of white phase and the reconstructed 3-D microstructure using prescribed phase-recovery algorithm. Using Eqs. (6)- (8), it is clear that in a two-phase microstructure, the full 2-point functions is uniquely defined by the autocorrelation function of either of phases.
The 3D reconstructed microstructure is shown in Fig. 4 . The cross sections corresponding to x = 1, 80, 150 and 200 pixel are shown, respectively. Comparison of original section (Fig. 3a) and these sections reveal that original features of microstructure such as connectivity and smoothness are retained slightly better than 2D reconstruction (Fig. 3c) .
It should be noted that because we approximated correlation functions, we should not expect that reconstructed sections exactly resemble the original section. But coherency and connectivity of structure are features that are retained properly as shown in Fig. 5a -d for x = 99-102 pixel, respectively.
Anisotropic materials
Metallographers often examine two mutually perpendicular sections to study and quantify anisotropic microstructures (for example, longitudinal and transverse planes of cold-rolled plate).
In order to capture all features of anisotropic microstructure, we used two cross sections perpendicular to the x-and z-axis ( Fig. 6a and b, respectively) . Original 3D microstructure is a 150 Â 150 Â 150 structure with two phases black (v 1 ¼ 0:59) and white (v 1 ¼ 0:41). Simulation of the original microstructure is carried out by a hybrid stochastic methodology based on the colony and kinetic algorithms and Monte Carlo methodology [20] . The reconstructed 3D anisotropic microstructure is shown in Fig. 6 and the original and approximated TPCFs in the diagonal direction are depicted in Fig. 7 . The periodicity assumption for the structure (Eq. (24)), enforces the autocorrelation functions to start from volume fraction of white phase (v 1 ¼ 0:41), approach to v 2 1 ð¼ 0:17Þ, and then increase to a value close to v 1 . Fig. 6a and b and 3D reconstructed microstructure (Fig. 6c-e) reveals that anisotropy of microstructure is retained properly (for example anisotropy of white phase in diagonal direction).
Comparison of
Experimental investigation
To evaluate the capability of the proposed method in practical applications, 3-D reconstruction of a Halloysite nanotube (HNT) polypropylene composite, using one cross section was performed. This cross section was obtained using focused ion beam (FIB), and scanning electron microscopy (SEM) [13] . The microstructure cross section was a regular 300 Â 300 square grid and the volume fraction of filler of the composite or white phase (HNT) was 0.11 ( Fig. 8a) .
Comparison of 3-D reconstructed microstructure, shown in Fig. 8b , with original cross sections of microstructure, shown in Fig. 8a , demonstrates that the most essential features of original nano-composite such as size, shape, and distribution of phases are retained using the proposed method. Comparison of volume fraction of initial cross section (0.1098) and obtained 3-D microstructure (0.1151) revealed the acceptable error of reconstruction (less than 5%).
Baniassadi et al. [13] , used the FIB-SEM method for serial sectioning of the nano-composite and created many slices. By stacking these slices and a 3-D maker software they obtained 3-D microstructure of the nano-composite (Fig. 8c) . But in proposed method, using only one cross section, we calculated TPCFs and obtained essential features of the microstructure with a faster and less expensive method (Fig. 8d) . answer these questions, we investigate possible sources of error. For the presented reconstruction algorithm, two sources of error are existing. Error in the approximation of 3-point correlation functions from TPCFs using Eq. (14) , and possible error in the reconstruction of microstructure by phase recovery algorithms. extent was analyzed in the current study for the cases of twodimensional approximation (Section 4.1), 3D anisotropic material (Section 4.3), and experimental verification (Section 4.4) resulting an average error of 12%, 8% and 7%, respectively. For a given vector, the second source for error which originating from the phase recovery algorithms, is defined by
Error analysis
Fig . 9 shows the convergence history plot for the presented reconstruction technique. Average error is calculated based on Eq. (27) for all iterations. It can be observed that with respect to this error measure, the reconstructed microstructure quickly converges to the solution for all examples presented in this study (below 10 À7 after 100 iterations).
The uniqueness of the reconstructed microstructure is questioned for any reconstruction algorithm which uses limited statistical information as the input. To answer this question, we notice that for the presented the uniqueness is mainly influenced by two stages of the algorithm: (1) the approximation of the correlation functions; and (2) the reconstruction of microstructure from approximated correlation functions based on phase recovery approach. For the second stage, a study shows that a reconstructed eigen microstructure based on phase recovery algorithm is unique up to a translation and an inversion [24] . In the first stage of algorithm, an approximation scheme based on Eq. (17) is used which is not influenced by state (eigen/non-eigen) of the microstructure. Therefore, the presented reconstruction algorithm in general should provide a unique solution for an eigen microstructure. 
Conclusions
In the present study, a new formulation was proposed to obtain a relation between the 3D full set and limited 2D correlation functions of heterogeneous materials. TPCFs of one cross section for isotropic materials and two perpendicular cross sections of anisotropic material were used in estimating 3D full set TPCFs. The approximation was developed using the conditional probability theory that is valid for multiphase heterogeneous materials. Reconstruction of microstructures were carried out using phase recovery algorithms. Comparison between the two-point correlation functions obtained from the original 2D-reconstructed microstructure and the approximate correlation functions showed satisfactory agreement. A number of 3D reconstructions were performed for both isotropic and anisotropic microstructures, and it was shown that the proposed approximation scheme is very capable and well-suited for applications in which estimated correlation functions acquired from 2D cross sections of the microstructure are only available data for the reconstruction.
